We show that a linear operator is closable iff it is possible to weaken the topology on its range in a certain nice way so as to render the operator continuous. We applv this result to show that if E is a sequentially complete locally convex Hausdorff space and ( L(/»o««» is a locally equicontinuous semigroup of class (C") in £' with generator S and if x e £.' (not necessarily belonging to the domain of S) then the function u(i) = L(t)x is a solution, in a generalized sense, of the initial value problem u'(t) = Su(t). u(0) = ,v, and that such a generalized solution is unique It should be noted here that u(/) may fail to belong to the domain of S so we must assign a suitable meaning to the expression Su( t ). Theorem 1. Let E and F be topological vector spaces and let S be a linear operator from E into F with domain D C E. Then S is closable iff there is a Hausdorff linear topology t on F which is weaker than the original topology on F and which renders S continuous. In this case, there is a canonical description of the strongest such topology r.
Theorem 1. Let E and F be topological vector spaces and let S be a linear operator from E into F with domain D C E. Then S is closable iff there is a Hausdorff linear topology t on F which is weaker than the original topology on F and which renders S continuous. In this case, there is a canonical description of the strongest such topology r.
Proof. As is usual, we identify 5 with its graph. Define $r. D X F -F by \p(x, y)= y -Sx. Then ip is a linear map, the kernel of i/> is S, and the range of \p is all of F. Let t be the quotient topology induced on F by \¡/. Then it is easy to check that t is the strongest linear topology on F which is weaker than the original topology of F and which renders S continuous. Thus we need only show that 5 is closable (as an operator from E to F) iff t is Hausdorff. But, as is well known, S is closable iff S is closed in D X F, and t is Hausdorff iff the kernel of \p, namely 5, is closed in D X F. This completes the proof. Theorem 2. Let E, F, D, and S be as in Theorem 1. Assume D is dense in E.
Suppose S is closable and let r be the strongest linear topology on F which is weaker than the original topology of F and which renders S continuous. Let G be the completion of(F,T ), let T be the unique extension of S to a continuous linear map of E into G, and let S be the closure of S in E X F. Then T ~D S, and if x G E and Tx G F then x is an element of the domain of S.
Proof. It is clear that T D S. Suppose x G E and y = Tx G F. Let (x¡) be a net in D which converges in E to x. Let U and V he neighbourhoods of 0 in £ and F respectively. Let rC=f[((/ni))X V] where ¡p is as in the proof of Theorem 1. As >/> is linear and t is the quotient topology induced on F by \p, \p is open onto ( F, r ) so W is a neighbourhood of 0 in (F, t). Now (y -Sx,) T-converges to 0. Thus there exists /0 such that i > <0 implies \¡,(x" y) G W; i.e., (x,, y) G [(U n D) X V] + S. -Hence (x, y) G(Ù X V) + S. But S is the intersection of the sets of the form (U X V) + 5where U and V range over neighbourhoods of 0 in £ and £ respectively. Thus (x, y) G S. Hence x is an element of the domain of S. This completes the proof. Now let £ be a sequentially complete locally convex Hausdorff topological vector space, which will be fixed throughout the rest of the discussion. We shall give some applications of Theorems 1 and 2 to the study of semigroups of operators on £. Let (L(/))OS,<00 be a locally equicontinuous semigroup of class (C0) on £. We recall that this means:
(a) Each L(t) is a continuous linear operator on £.
(b) L(0) = / and L(s + t) = L(s)L(t) for all s and t.
(c) For each x G E, the map /1-» L(t)x is continuous on [ 0, oo).
(d) For any a G [0, oo), {L(t): 0 < / «£ a} is equicontinuous. Let S be the generator of (£(/)). Then 5 is a closed, densely defined, linear operator in £. (The proof given in [1] for this standard result in the case where £ is a Banach space can easily be generalized to the present setting.) Let D be the domain of S and let t be the strongest linear topology on £ which is weaker than the original topology on £ and which renders S continuous from D with its original topology to (£, t). By Theorem 1, t is Hausdorff because S is closed. Also, by the description of t given in the proof of Theorem 1, t is locally convex. Let f be the completion of (£, t) (then £ is also locally convex) and let T he the unique extension of 5" to a continuous linear map of £ into £.
It is natural to ask whether (£(/)) can be extended to a semigroup on £ and what properties this extended semigroup may have. The next result deals with this question.
Theorem 3. The following statements hold: (a) For each t G [0, oo), there is a unique continuous linear operator M(t) on F whose restriction to E is L(t).
(h) (M(t)) is a locally equicontinuous semigroup of class (CQ) on F and the generator A of(M(t)) is an extension of T.
(c) // £ is complete and if for some real number ß, (e^'^L(t): 0 *£ / < oo} is equicontinuous on E, then A = T. If x G D then u(t) = £(/)* is the unique solution of the initial value problem u'(t) = Su(t), u(0) = x. As the next result shows, this is actually true for any x G E and not just for x G D, provided we replace S by its extension T and compute the derivative u'{t) relative to the topology of £ instead of £. As a final application we give an alternative proof of a result of K. Yosida [2, p. 58] , to the effect that the weak generator of (£(/)) is the same as S. Since £ is locally convex and Hausdorff, its weak topology is also Hausdorff. Hence y -Tx. Since S is closed and Tx G E, we have x G D by Theorem 2. Hence y = Sx. This completes the proof.
